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SOME ELEMENTARY THEOREMS CONCERNING THE STEADY 
FLOW OF ELECTRICITY IN SOLID CONDUCTORS 


By B. O. Perrce 


ALTHOUGH many familiar mathematical truths were first discovered by the 
study of physical phenomena, and many propositions, the analytical proofs of 
which are somewhat long and involved, are nearly self-evident when regarded 
from the point of view of their physical consequences, it is, nevertheless, true 
that the analytical treatment ofa theorem almost always throws new light upon 
it and shows clearly what its limitations are, if notin what respects it may be 
stated more generally. It is sometimes true also that reasoning which seems 
satisfactory enough to a person who has had long experience in making physical 
measurements, is not so convincing to a student of Mathematics whose knowl- 
edge of Physics is largely theoretical. For these reasons it has seemed to me 
worth while to discuss briefly, from their mathematical side, a few simple 
theorems concerning the steady flow of electricity in massive conductors ; some 
of these, as being self-evident, are stated without proof in most treatises on the 
subject ; others are rarely, if ever, mentioned. 

It is usual to assume* that in an isotropic conductor, A, which is carrying 
a steady current of electricity, the current vector g has everywhere the direction 
of the electrostatic field, /’, due to all the free electricity in existence, and that 
the strength of the current at any point is equal to A times the strength of F’ 
at the point, where \ is an intrinsically positive scalar function of the space 
coordinates called the specific conductivity of H. The value of \ is determined 
by the physical nature of A” and by the temperature ; the specific conductivity 
of a homogeneous conductor has the same value at all points of the conductor. 
The fact that after a steady current has been established in a conductor kept at 





* Riemann-Weber : Die partiellen Differentialgleichungen der mathematischen Physik, §§ 162, 
163. 
Webster: The theory of electricity and magnetism, chap. VII, part IL. 
Maxwell: A treatise on electricity and magnetism, vol. 1, part 1, chap. VIII. 
Gray: Absolute measurements in electricity and magnetism, vol. 1, pp. 161-164. 
Mascart et Joubert: Lecons sur U'électricité et le magnétisme, §§ 198-242. 
Curry: Theory of electricity and magnetism, § XXII. 
( 153) 
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2 uniform temperature, there is no growing accumulation of free electricity in 
any portion of the conductor leads to the equation of continuity 


Divergence q= 0, 


cu cr cw 
or —_—_— =~ — + - — 0, ( 1 ) 
cx Cy Cz 


where u, v, w are the components of the current, parallel to the coordinate axes. 
If Vis the electrostatic potential function and if Y, Y, Z are the com- 
ponents of the electrostatic field, 





OV ' av" , eV 
ee bs SH = 9 wa=r2r-) = aii ee, = A- ) ae ae = 3 
Cx Cy Cz 


and the equation of continuity expresses the fact that the divergence of % times 
the gradient vector of Vis zero: that is 


c eV c eV c eV ; 
=—{A-— +2 (0-4 )+; (a- =) =0. (2 
cr Cx Cy cy Cz cz 
We shall tind it convenient to represent the first member of (2) by the symbol 
QA, V). 
At the common surface |S;, of two conductors /,, A, which are carrying a 
steady current of electricity, the continuity of flow leads to the equation 
. pals 


+ Ay: 


Ny City 


- 


hy 0, (3) 


A) 


where dj, A, are the specific conductivities of the conductors, and n,, n, repre- 
sent the directions of the normals to Sj, at any point on it drawn into Ay and AY, 
respectively. Sj, may or may not be an equipotential surface ; in any case, ac- 
cording to Volta’s theory, if the two conductors are made of different materials, 
there is, in general, a discontinuity of electrostatic potential at their common 
surface of contact. The magnitude (£),) of this discontinuity, that is, the sudden 
increase in the value of the potential function at a moving point J? as 7 leaves 
ff, and enters AQ, is the same for every point of S;, and depends upon the mate- 
rials of which the conductors are made and upon their temperatures. 


The surface of separation (8S) of a dielectric and a conductor which is carry- 
ing a steady current of electricity has in general an electrostatic charge: at 
any point of such a surface the derivative of the potential function taken in the 
direction of the normal pointing into the conductor is zero, but the derivative 
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of the potential function outside the conductor, taken in the direction of 
the normal pointing into the dielectric, is not usually zero. The equipotential 
surfaces within the conductor meet S at right angles ; the equipotential surfaces 
without the conductor meet S in general obliquely. 

Ifaconductor which contains within itself no source or sink of electricity is 
carrying a steady current, current filaments enter the conductor through some 
portion or portions of its surface called the anode or the anodes, and current 
tilaments leave the conductor through some other portion or portions of the sur- 
face called the kathode or the kathodes, The derivative of the potential fune- 
tion in the direction of the interior normal to the surface of the conductor is 
negative at every point of an anode, positive at every point of a kathode. 

If every point of a portion (4) of the surface of a simple conductor be kept 
at the same potential (17,), and every point of another portion (/#) at another 
potential (V,) while the rest of the surface abuts on an insulating medium, 
Aland B are equipotential electrodes : and if under these circumstances a steady 
current of strength C’ passes from 1 to 2 the resistance r of the conductor is 
defined to be (Vv, — Vy) C. 

An amount of heat equal to (V.,— V,) Cor C?r is set free in the conduc- 
tor every second by the current. If ~ indicates a normal to the surface of the 
conductor pointing inwards, the strength of the current, C’, is equal to the 
surface integral of — A- @) én, taken over ul, or to the surface integral of 
+r-é6V/én, taken over /; and the Joulean heat is equal to 


| | “oe 
taken over uf and 2, or, since this will give the same result, over the entire 
surface of the conductor. Everywhere within the conductor (A, 1) vanishes 


anda simple application of Green’s Theorem gives for the Joulean heat the vol- 
ume integral, taken through the conductor, of X times the square of the strength 


r 


> 


dS (4) 


| ~ 


ht 


“~) 


of the electrostatic field, or 


-— aie savas ae 2 ; 
x f (=) re (=) + (5) ide: (5) 

, (\cr CY Cz ) 
this integral extended over the space oceupied by a conductor AT may be de- 


noted by the symbol] 
SJ (ACV) x. 


If the first of an open chain of conductors has an equipotential electrode 




























: wy oh - 
- a fh i 
os fe 5 
} pie eee ea 
j 
id ae ae 
| t Bh BY 
yi | 
a Te ee 
b Bae “gt $ ; 
ee a] é B. 
Plies 
i wa. F . 
d hide S10 ; 
aby ae fu fe 
Aon ; 
ii ia fens 3 
m 4 OR ky) : 8 
} 1434 2 t : 
£ osc me NS: 
ire j : 
ate * mis 
eho oth ee | 
i yom At) 
ee 2 S| 
Phigs a i; aes | 
Bich thee 
ae ae 
& Aoi: #4 
" 4 ‘ ans 
a Fy 
* Tb ae Be 
‘ i gS 
@ Gai ee 
a : i Be} : 
aq ie 
t fim ae 2 24 
ak i fias 
mye “me ‘st zt 
ae ee 4 ; 
7. one 
& fe ; 
4 Lh 4 
> es ° 
he die | 
as | a oe 
ie ‘ 2 
OA eke 
ee Be 
is 4 
Se 
Ah See! 
"i as : 
Niwa 
Bs a8 
" oe Tas 
or ae ee 
bits Me Fld 
hiso@iienw 
teen 7 j 
14 a 
eo Pe | 
ie ee Fy 
ED ah { 
aes 4 
eek a 
15% + ; | 
nes Be ; 
ieee Y 
ot be im 
+) Be 
we) Bog 
itiee #4 
ie eed 
4 ’ 
n4 


Da armas 





156 PEIRCE [ July 


A kept at potential J”,, and the last an equipotential electrode B kept at the 
lower potential J”, if, moreover, the algebraic sum of the discontinuities of 
the potential function at the common surfaces of consecutive conductors (count- 
ing a sudden increase on the way from A to / as positive) is 2, the Joulean 
heat set free per second within the conductors which form the chain is 
(Vn ye aye 

and this is equal to J(A, V7) extended throughout the space occupied by 
allthe conductors. This expression takes no account of the thermal phe- 
nomena at the junctions. 

If at every point ofa portion of the boundary of a region /? in space, the 
value of a function J" is given, and at every point of the rest of the boundary 
the value of the interior-normal derivative of V, and if Q(A, °) vanishes within 
R where dis a given positive point function which, with its space derivatives of 
the tirst order, is finite within /?, then V, if it exists, is unique. A problem 
concerning the steady flow of electricity in a conductor is considered solved, 
therefore, when a function V has been somehow discovered which is found 
on trial to satisfy the prescribed conditions for the potential function at the 
surface of the conductor, and to obey within the conductor the requirement 
QA) =0. 

If over a portion of the boundary S of agiven space region Z2, in which the 
functions }’and J” with their derivatives of the first and second orders are 
finite, these functions have equal values at every point, while over the remain- 
der of S their normal derivatives vanish; and if within S,Q(A,1°) = 0 and 
'(A, V') + 0, where is a positive point function finite with its first derivatives 
in 22: then J(A, V"), is greaterthan J(A, V") p. 

[f there is no flux across a given surface within or at the boundary ofa 
conductor which is carrying a steady current, the surface is called a current 
surface or a surface of flow. 

A conductor is said to be given when its dimensions and its specitie con- 
ductivity are given: the surface conditions of a conductor which is carrying a 
steady current are said to be the same at two different times when the clec- 
trodes and the values of the potential function at every point of the electrodes 
are the same. Unless the contrary is stated, the electrodes of a conductor are 
usually assumed to be equipotential. 

The surfaces of equal conductivity (A =/) in a conductor. may coincide 
with the equipotential surfaces; if they happen to do so in any given case, a 
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change in the dimensions or positiun of an electrode will generally destroy the 
coincidence. 

The flow within an open chain formed of given conductors with given 
discontinuities of potential at the given surfaces of contact of the successive 
conductors in the chain, is evidently determined when the value of either the 
potential function or its normal derivative is given at every point of the free 
surface of the chain. 





Ifthe problem of electrical flow ina given conductor under given surface 
conditions has been solved, it is possible to write down immediately the value 
which the potential function in the conductor would have had under the same 
superficial conditions if the specific conductivity had been changed in certain 
ways; that is, the solution of one problem in Electrokinematies gives the solu- 
tions of certain other related problems. For example : the potential function in 
a conductor under given surface conditions has the same value as it would have 
under the same superficial conditions if the specific conductivity, X = $(2,y,2), 
were everywhere increased to m times its old value ; the heat developed in the 
conductor per second would be increased -fold by the change of conductivity 
and the resistance of the whole conductor would be decreased in the same ratio. 

Given the potential function (1) in any homogeneous conductor which is 
carrying a steady current under fixed surface conditions, the specific conductivity 
can be changed in many different ways without changing the value of the poten- 
tial function ; indeed A may have any value which will make Q(A, 17) vanish 
within the conductor. Since Vis harmonic, the equation Q(A, 17) = 0 can be 
written in the form 
ot + -— =). (6) 

cr ~ 
So that A, if not constant, may be equal to any point function which yields level 
surfaces perpendicular to the equipotential surfaces. 

If the potential function Vin a non-homogeneous conductor is to have the 
same level surfaces as the potential function Vof a homogeneous conductor of 
the same dimensions under the same surface conditions, we may write 1’ =7( 1°) 
and determine A from the equation Q(A, VW) = 0, or 

, (on A ap, ok OE «Da 
Xx -f( 1) Z v"( 1") + f"( I”) - (; , = an — += ) 
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where A, is the gralient of V or the strength of the field within the homoge- 
neous conductor. Now the normal derivative* of the logarithm of A, taken 
with respect to V, ¢. e. [.D,(log 2), Is equal to 


ov oR OV a OV nf | 
(= Bn 5 Me ne m y/0- hiv). (&) 
Cx G2 cy Cy C2 C2 


and Vis harmonic, so that (7) reduces to the form 


™ 


” \" - * 
uv; = --[D,(logr)}. () 


™ | 


If the function V be used to define one of a set of orthogonal curvilinear coor- 
dinates (U,V, W"), we learn from integrating equation (%) that X.7/( 1°) must 
be independent of |’ and is, therefore, either an absolute constant ora function 
of Uand W. The surface conditions require that and #( 1°) shall be equal at 
each electrode : otherwise fix wholly arbitrary. If, therefore, (to consider a 
simple application of what precedes) we have the solution of a problem of steady 
flow within a homogeneous conductor, then the potential function, under the same 
superficial conditions, in a stratitied conductor which has the same dimensions 
as the other but a specific conductivity represented by any desired function (¢) 
of the old potential function( 1°), is of the form .W. FV) + V, where F( V) 
is any integral of the reciprocal of @( 17) and .W,.V are constants so chosen as 
to satisfy the surface conditions. Although the reciprocal of (1) must be 
integrable, ¢ itself need not be everywhere continuous. 

If a conductor which carries a steady current is not homogeneous the 
potential function (1°) within it is not generally harmonic, indeed it is usually 
true that no harmonic function exists which has the same level surfaces as V. 
ifin such a case the dimensions of the conductor ‘are given as well as the po- 
tential function |” within it, so that the superticial conditions are determined, 
the specific conductivity is evidently not determined. The function A need only 
satisfy the equation Q(A, WV) = 0, or 


KW) + A- Ay [Dog X)) = 0, (10) 
or 
(Dy, (logX)] ~—— = (11) 
yy 





* Peirce: The Newtonian potential function, p. 116; A short table of integrals, p. 106. 
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Unless Lame’s condition® for isothermal parameters happens to be satisfied, the 
second member of (11) usually involves U, V, and W. 

If Vis not harmonic, but if the X and V surfaces coincide, is a function 
of V and the conditionQ(A, V) =0 shows that the ratio of y?(V) to 13, is 
expressible as a function of V; it is possible, therefore, to find a harmonic 
function which is expressible in terms of V alone. 

2(V h, - cos(A,V 
tl vi dd 
hi, r ° hy, 
assert that if the A and JV" surfaces are neither coincident nor orthogonal, 





We may write equation(2)in the form 


} cannot be harmonic. 

If the steady flow of electricity in a conductor is detined by a potential 
function the level surfaces of which are neither coincident with nor orthogonal 
to the surfaces of constant A, it is not possible to change the specitic conduc- 
tivity to a new value expressible in terms of the old one — except by altering 
its value at every point in a constant ratio — if under the same surface con- 
ditions, the potential function is to be unchanged. This follows immediately 
from a comparison of the equations O( 2,1) = 0 and Q(A, V) = 0, in which 
Lis supposed to be a function (¢@) of X; for if we multiply the second of these 
by (A) and subtract it from the first, it appears that both can be satisfied 
only if 

, w(V)[dA)—A. P(A)] = 9, (12) 
and, since Vis not harmonic, the quantity in square brackets must vanish. 
It, however, the new value of the specifie conductivity be not necessarily a 
function of the old value alone, we have according to (11), 


[D, log L) = [P, logs} or L=A- FC UW). 

If in a conductor which is carrying a steady current, the equipotential 
surfaces and the surfaces of constant conductivity coincide, so that X= $( V) 
where V is the potential function, then 

Q1¢( WV), V] = 0: (13) 
if with the same surtace conditions the conductivity be changed to X’, a fune- 
tion of the old A alone, [y(A) = x$(V) = ¥(V)], then the new potential 
function, V’, will be a function of the old one [V’=/7(V)], and we shall 


have . 
QfY CV) fC) ) = 0. (14) 





*Lamé: Lecons sur les coordonnées curvilignes, p. 31; Lecous sur les fonctions inverses, p. 5. 
Somoff-Ziwet: Theoretische Mechanik, vol. 1, p. 113, and p. 128. 
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i Rua Equations (13) and (14) when expanded yield the relation 
‘ ; aus 
Rte a " 7 ; , , : 
a gf Fis it ‘ ———e <a = — > — ——— _ y 
ise te (Vy) (WV) é(V) Mh, 
{ tts wo rr 
t pete ¢ | , ’ 
; ii i 4 ‘ rc Vidi ‘ ( 16) 
t et ae Te i he . 
ies } :4 whence o=e 
Sit AEE ee - AT aC IT) 17 
Tibae 3 | log P'(V)-vCV)) = logl A. o(V)), (i4) 
thet $ he “ar 
istre alae - = = ( ) _- 
Leeks 4 r= fl y= [Tas +L. (18) 
ato ee 
i pas ; ‘4 In equation (18) which gives the new potential function in terms of the old one, 
H ? tine ele oS " ° . » 
pila mae | Hand ZL are constants which, after a value has been assigned to the indefinite 
time aed as , rane 
ee integral, are to be chosen so as to satisfy the surface conditions. 
fii as wid — , 
i ane Gen If J is the potential function in a conductor which has two equipotential 
q ; i 2 . ° r . . ~ ‘ 
ie ace electrodes A and B, when these are kept at potentials J”, and V;, respectively, 
He i the value of the potential function when the electrodes are kept at potentials 
BE I'a, Vy is the linear function of V given by the equation 
, 
i pre Mae Ve py VV aN (19) 
r4a= Wy ral s 


_ 


for 2 (A, VW) = 0, and J" satisfies the surface conditions. 


Let = Vis "= Vy be the equations of two equipotential surfaces Si, S; 
which cut completely across a conductor which is carrying a steady current of 
electricity in sucha manner that the equipotential surfaces are surfaces of con- 
stant conductivity so that) =$( J"). If then the conductivity of the portion 
of the conductor between S, and SN, be changed so as to become A’ = WV), 


ae FE 
Sn ET ee ee en ee ee 


while the surface conditions are wichanged, wemay consider the new conductor 
as a chain of three separate conductors, each of which has two equipotential 
electrodes. We must assume in general that there is a discontinuity of condue- 
tivity at S,and at S,, and that accompanying this (if not in consequence of it) 
there are discontinuities (£,, — £,) of the potential function at these surfaces. 
The surfaces A and |S, which in the original conductor were equipotential are 
still equipotential in the new one though the value of the potential function on 
S; has been changed ; it is evident therefore from the statement in the last para- j 
graph that the new potential function in this portion of the conductor must 
be a linear function, .WI"+ XV, of the old potential funetion. Similar reasoning 
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shows that the new potential function in the portion of the conductor which lies 
between S, and /3 must be of the form GV + 7 and the potential function in 
the conductor between S; and S, of the form A’. f(V) + L, where f( V) satis- 
fies equation (18). 

The six constants .W, UV, AW, LZ, , T are to be determined from the 
equations 


MV,+N+BR=A% -f(V,) + DZ, hi, -f( V2) + L= QVi+ T+ B,, 
MV,+N= Vy QOV,+ T= Vz, 
MrA,= NW OMIS OV) Je WA, = WML SCV) | 5. 


If in accordance with equation (17) we put (1) = AA, it appears 
that 
V,—V,+ £,- &, 


H=: A = @= eoagoaen cana 
1 é r 

\ Mm, LOY.) —f/0V2) + 2-1, 4+ 2-2) 

} ‘ : 

T Vn [S0M) —SCV2) + V2-—- V1 4+ £2-— &) 

4 , 

] (Van + Fs) [ f0V,) + Vy -— Wy) — (Va + A) FPO) + Va -— VS] 
A 
where A=/(V,) —/0V3) + 12-14 Vi - Ve. (2)) 


If Vis the potential function in a homogeneous conductor of conduc- 
tivity A, which has two equipotential electrodes 1, 2, and if = Vi, is the 
equation of an equipotential surtace Sy which separates the conductor into two 
parts, then if the portion of the conductor between Sy and /} changes its con- 
ductivity to the uniform value A‘, the new potential function, 1’, will have 
the value WV 4+ LV between A and S, and the value QGI'+ 7 between S, 
and /3. We may assume that there will be a discontinuity of potential, 2, 
at S,. Since MV, + V=Vy, GV_a + T= Vn, GV t+ T= MV 4+ V4 &, 
A.M = A'Y, we have 

v- rI 0 co. Va- I), + B) 7 
ck’? £— ¥¥,— iV, + WF, 
V,[V_ O'—-aA) + HA) -2' £7] 


V= . yar . yar 
AV, — NVQ —-AVR + VV 
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Vm, fy A-N) + Vy QA) - AE] 


; ro. ; os (21) 
AV. = WV, —a0g + OF, 


rT 

If one of two conductors (Ay. AZ) which abut at a common surface Sy, 
has an equipotential electrode .f kept at potential V7, and the other an equi- 
potential electrode 4 kept at potential I, and if Vis the potential funetion 
within the compound conductor when the sudden increase in Vin crossing So 
from A to A, is #: then the potential function, 1’, has in the two con- 


ductors the values 


(E+ V,— Vy) V+ Vik — B’) (; 
B+, V, 


te 
te 
~ 


when £” is the discontinuity of potential at SN, and the other conditions are 
the same. 

Ifa conductor 7? has three equipotential electrodes uf, B,C keptat three 
different potentials, we cannot speak of the resistance® of the conductor, though 
the flow of electricity within it is determined when its conductivity is known, 
and the development of heat in it per second is perfectly detinite. If we have 
found the values 1, V of the potential funetion in 7? for two distinet sets 
of surface conditions : 

(1) when ul, 2, C are kept ut potentials Fi Vs, Ve respectively, and 
(2) when they are kept at potentials 17), 1, VY: 

the potential function when the electrodes are kept at potentials 1 ,, J 
is usually of the form 


r 


Be V- 


V=LV'+ MV" 4: (23) 


since Q(A, bk) = 0 within 72, and at every point of its surface outside of the 
electrodes 6V en = 0: if, therefore, L, MW, NV can be made to satisfy the 
equations 


LV',+ MI" 4.N 
LV'n4+ MVn+ 
LV’. +MVi+ N= Ve. 


’ 
_ 
’ 
~~] 
- 


(24) 


* 


Maxwell: A treatise on electricity and magnetism, $306, 
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the statement just made is justified. The procedure fails, however, if 
a] aa] | 
; oe; Pee 
id | ‘ye - 
| B | g it | =9, (25) 


| 
for then 
CDE ey, 


y* iia a a a ae pat ~») ® 
rm Vi _— 
the equipotential surfaces are the same in both solutions, and the cases are not 
really distinct. 
Since in general Q(A, NV) = 0, andQ(A,V") = 0 within 72, we may learn 
from Green's Theorem that 


. . ae” . . - vr 
fpr sah as=] frivr aN, (27) 
. Cn es Ch 


where the integrations are to be extended over the surface of FR. If then 
I’ ,, 1, ['¢ represent the fluxes inward across the electrodes in the first: case 


and J, 7), 77 the corresponding quantities in the second case, 


Lit Va Tn + Ve eH V1 + Va Th + VD, (28) 
where i, + [', 4 /'.= 4 A I}; + i= (), (2) 


If A, 4, (' are given equipotential portions of the free surface of an 
open chain of conductors of given conductivities with given discontinuities of 
potential at the surfaces of contact of successive members of the chain: and if 
m, V", Vare the potential functions within the chain, when A, 2B, C are 
kept at potentials 1), 1). Ve: Wi. Va. Ver Va. Va. Ve. respectively : then 
\is a linear function of Vand WV" in every conductor, if the solutions are 
distinct. This treatment of the flow within conductors which have two 
and three electrodes can be easily extended to the flow ina chain of a given 


conductors with p given equipotential electrodes, 


A change in the specitic conductivity of a portion of a conductor which 
has given electrodes, is usually accompanied by a corresponding change in the 
resistance of the conductor as a whole and by a change in the distribution of 
the current in all parts of the conductor, though two or three exceptional cases 
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have been considered in the preceding pages. If WV” is the potential function 
in a conductor which has two fixed equipotential electrodes 1, 4, kept at 
potentials J7,, 1), and if the specitic conductivity of a portion 2 of the con- 
ductor be changed in any manner, provided that its value is increased at every 
point of 2, the amount of heat developed per second in the whole conductor 
will be inereased and its resistance * deere: sed. The change in the conductivity 
of P will either leave the potential function V unchanged or it will change V° 
to I. In the tirst ease, 4). the strength of the tield, will be unchanged, 
but the positive quantity AZ) (the integral of which taken through the con- 
ductor measures the rate at which heat is developed in it) is larger in 2? than 
it was before and in the remainder of the conductor has its old value, so that 
the integral will havea greater value than before. If the new potential function, 
as will generally he the case, differs from the old one, denote their difference 
by wu. so that I y+. At every point of either electrode V7 I’, so that 
m=O: at every other point of the boundary of the conductor ¢ Vo cn = 0, 
CV én =0, sothatéew én = 0: within the conductor Q(A, Vy) = 0, Q(A, NV) = 9, 
so that O(A,) = 0: we have, therefore, “see equation () 


J(AV') = SAV) + J(AQu) 
- [| pf -s . 7 on ; oF oN de (30) 
7 CL OL CY OY C2 C2 


— J(r., 1") + SAG) = 2] fru. - LIN 


_ 2 | | [2A Var (31) 


The integrand of the surface integral in (31) vanishes at every point of the 
boundary of the conduetor, for at the electrodes « — O, and at the surface of 
separation of the conductor and the surrounding dielectric the normal deriva- 
tive of Vo taken inwards must vanish: the integrand of the volume integral 


vanishes also at every point of the conductor, so that 


F(A, VV) SJ(AV) 4 A(rAQW). (2) 
*Rayleigh : 

}, p. 51. 
Webster: The theory of electricity and magnetism, SATS. 


On the theory of resonance, Phil. Trans. vol. 161. IST1; Scientific papers, vol. 


Maxwell: A treatise on electricity and magnetism, §§ 206, 307. 
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Now J(A,u) is not zero, for w is not a constant: it is not negative, for its in- 
tegrand cannot be negative ; therefore J(A,v) is positive and 


JAW) > JAW): 
but AN V') > Jas’); 
therefore, a fortiori, 
J(NV) > JO.V). (33) 


The heat developed in the conductor, per second, by a steady current must 
be equal to the product of the constant( 1, —Vj,) and the strength of the cur- 
rent; inthe present case, therefore, the current must be greater when the con- 
ductivity of /? is increased and the resistance of the whole conductor must be 


less. 


Ifa conductor, 72, which has two equipotential electrodes, A and /, and 
is carrying a steady current be increased in bulk by bringing up to its side 
another conductor 7?’ which has no electrodes of its own but is in electrical 
contact with /? over a portion S’ of its surface outside of A and /, then the 
composite conductor will always have a smaller resistance than 2? has alone. 
Since parallel tangential derivatives of the potential function at points close 





~ 
“eave ceccce, - 
me 


together but on opposite sides of S’ must have equal limits, either S’ must have 
been made equipotential by the coming of 7?" or there must be a potential gra- 
dient in 72’ near S’ and hencea flow of electricity in 7?’ which has no electrodes 
and must receive any current which it has through current filaments which 
cross S.' In either ease S’ cannot continue to be a surface of flow and the po- 
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iy ot Far’ $ 
Hie ya ee 
ire oe oe , . = ; 2 — ~ _— 
ice ie ential funetion in 2 cannot be the same as it was before 7?’ was brought up. 
Ribas aaa t 
til be aa5 Let Vand IV be the old and the new potential functions and write w 7 V; 
Be ee 
i gee 4 ; 
ie ES then 
Tine ee | eV 
ele g : al 4 » IN 
$3 the a4% Ph yp A(rAL I de SAM) yA A+ - —_ -d: 
fiiie gee | > oe 
i ee see a 
eee OD Be Be ’ ‘ 
a —2[ [fu 90d CM) 
(ti ai vf. 
1 g 
i He gf where the volume integral is to be taken through 7? and the double integral 
‘tee oho | J > “eS j ° . 
; PED ® ie | over its surface. Since the integrands vanish, we have 
{ ieee $4) He | 
Aiiet Bie 
, +, MS ae a . or 
A MGaee Pere | JAM ')p > JOS) en. (35) 
bie ga i 
biti maw , . : . a 
Paes ’ so that the development of heat ti 2 a/one is greater after the bringing up 
Kelis wy Gate ‘yo! P j i i 
i bP) i! a: ; ot R than before. Hleat is also developed In R and the current in the COM pos- 
gf aie! 14 m 7 ie ie e 
ar 8. ee ite conductor is greater than the original current in 2?. 
yee et od ; 
{i See Pe —— r . > ‘ — 
Hide pak ‘4 If in a conductor 7? which is carrying a steady current of electricity 
W tigees ay | under given superficial conditions a surface S’ not previously equipotential 
TECTED be suddenly foreed to become so, by making the specific conductivity at all 
tie et oe , ‘ a ie eae : . : : 
bikes ead points on and very near to S’ infinite, while the rest of 2 is unchanged, the 
aw, pod ‘ . . . ; 4 
HATE | resistance of the conductor will be decreased. In this theorem S’ may 
Se bx represent a closed surface which shuts in a finite part of the conductor and 
i tee Bel A ‘ : : 
beams Ba | excludes a part, it may be an open surface which cuts completely across the 
i Ui! at @ - : " ° ° . 
Tie aE conductor, or it may be practically a portion of an open surface bounded by 
tue 2 Ce 4 e e . . 
git Bp a curve wholly within or partly on the surface of the conductor. In any case 
ae |e * w i . oe . ° . . mare 
eR aed if SS’ was not previously equipotential the new potential function, 1’, must 
i itm be ee 9c ° i ais = ° 
Ma bat tee Bs differ from the old one, and if we enclose SN’ between two parallel surfaces 
ic: ae . . . ss ‘ - ° 
* close to it, write |’ — I = ~, and compute the values of J(A, V’) and J(A, V) 
for the space within /? moditied in this way, we shall get an equation which 
is formally the same as (35). 


If an “intinitely thin, insulating membrane” were suddenly inserted into R 
<0 as to coincide with an open or closed surface 8", wholly within 7?, across 
which there had previously been a flux, the resistance of the conductor would 
be increased. If V" is the actual potential funetion and I" the potential fune- 
tion in the supposed case,we may write 17 — VW" = 1, shut in S” between two par- 


allel surfaces S"), 8", drawn very close to it, find the values of JA, 1), JA, WV) 
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forthe region within the conductor thus modified, and suppose Sj! and SY! to 
approach each other indefinitely. We learn that 


ov" 


J(A,V) = (A, V") + Jae) — 2] Ja-u-——-ds 
) ) 


CH 


° . ~ yr - an a 
= 2f frou Sasi m2 [ [ren Susy (36) 
: on J. cu “ 


where the first surface integral is to be extended over the outer boundary of 
the conductor. Since the derivative of V" in a direction normal to S” is equal 
to zero at every point on either side of this surface, the integrals vanish and 
AAV) = JAV") + JOA, wv), so that 

J(AV") < H(A, V). (37) 


If an interior portion, 22,, of a conductor 2? which is carrying a steady 
current of electricity under given surface conditions could be displaced by 
matter having at every point the same specific conductivity as before but of 
such a nature that at every point of S,, the boundary of Zé, the potential 
function just within this surface should be greater than the potential fune- 
tion just without by a given constant amount / then the resistance of the 
conductor as a whole would not be changed. Suppose the old and the new 
potential functions to be Vand 4, shut , in between two near parallel 
So’, OS)”, find the value of (A, V,—V") extended through all the 

which is not between S,', S,", and determine the limit of this 


surfaces 

conductor 
value as these surfaces approach each other indetinitely. If =, —V, is 
zero at every point of either electrode and @” du is zero at every point 
of the boundary of the conductor outside of the electrodes. The value 
ut any point just inside S, differs from the value of at a neigh- 


of mt 
It is evident from equation (3) that 


boring point just outside S, by £. 
the normal derivatives of VU and JV), are continuous at S). 


= | Cu am i ou o é cu ee 
SJ(A, wef fren Mas—f fron, = So =f [ron as »(38) 


where the first integral is to be extended over the outer boundary of the 
conductor, and n indicates the directions of a normal pointing into the field 
The integrand of 


of the volume integral represented by the first member. 
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the first integral vanishes: the limit of the sum of the other two integrals is 


| cu ; ' 
a E| A--» &&, (30) 
i cn 


where n points into the region bounded by S,. By a simple application 


of Green's Theorem, we have, therefore, 


J(A, U) Rp = Ef | [2 a.mar, (40) 


where the volume integral is to be extended through the space bounded by 
So: but in this region Q(A,v7) = 0, so that the integral JQ), Is equal to 
zero, and w must be constant. It is evident that since « = 0 at an electrode, 
it has the same value everywhere inside the conductor outside WS, ; within S,, 
it has everywhere the value /. At every point within 7?, the field is the same 
in direction and strength after the change and before it, so that 


J(rA,V) = F(A, V,). (41) 


Given a conductor of any shape which has two equipotential electrodes, 
A and 4, kept at potentials 1,, 1), and which is carrving a steady cur- 
rent of electricity, it is easy to see that if one electrode (say al) be en- 
larged so as to occupy an additional portion wf of the surface of the conductor, 
the resistance of the conductor will be decreased. If Vis the old) potential 
function and V' the new one, 6 Vv is zero on wy Vis equal to V,on ut. If 


tat. .¥, 


I(r, V') = Ja, V) + Tu) — 2| [ron oT és 2] [ [v2.0 V)dr(42) 


ch 
= JS(r, V) + JAY). (4:5) 
J(X,") is positive since vw is not constant, therefore 
J(A,V") is greater than JA, V). 


JEFFERSON PHysiIcaL LABORATORY, 
CAMBRIDGE, Mass, 
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ON A LINEAR TRANSFORMATION, AND SOME SYSTEMS 
HY POCYCLOIDS* 


By R. E. ALLarpIcEe 


In the discussion of the envelope of the asymptotes of a system of similar 
conics through three fixed points,t I was led to the following equation in tan- 
gential coordinates : 

> sin? C'(uv? cos A + wv cos B) — 2(1 + cos. cos B cos C)uvw 
+m(vsinG — wv sin)(wsin A — u sin@)(wsinB—v sinA) = 0, (1) 


where m isa constant proportional to the cotangent of the angle between the 
asymptotes. It is easy to show that the curve represented by this equation has 
the straight line at intinity for a double tangent, the circular points being the 
points of contact. Hence the curve is of the fourth order and has three cusps : 
it is therefore a three-cusped hypocycloid, for this is the only three-cusped 
quartic that has the straight line at infinity for a double tangent, with the 
circular points as the points of contact. 

The problem naturally suggested itself of transforming this equation to the 


form 
(utvdg wy)§ — 27uvw = 0, (2) 


where the triangle of reference is an equilateral triangle. This was accom- 
plished by making use of the known forms of the tangential equations of the 
circular points at intinity, and using for the third equation that of the centre 
of the hypocycloid. 

Thus we have the equations 


ue — vel ~— we-F-o' =x+@my + wz =X (say), 
ue-“— veto! ~ wel’! =xX+@y+@z=yn, 
Pu + Pl + pst ser Fr +8 


where a, P,, Py, Ps are constants to be determined, and @ is an imaginary cube 
root of unity. The equation (1) may be written in the form 








* Since some of the results in this paper are identical with some of the theorems given by 
H. A. Converse: ‘On asystem of hypocycloids of class three inscribed to a given 3-line, and 
some curves connected with it” (ANNALS OF MaTHEMATICcs, second series, vol. 5, pp. 105-139, 
April, 1904), it is proper to state that the manuscript of the present paper was in the hands of 
the editors before Dr. Converse’s article ap eared. 

t ANNALS or MatieMartics, ser. 2, vol. 3 (1901-1902), pp.154-160. 
(169) 
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Lue + Louw? + mrt + mye + nw + ng? — 2huve = 0, 
where the following relations subsist among the coetlicients : 
J, sin ct sin? B — sin A sin? C= i, sin 2 sin? C — wy, sin sin? al 
= nysinC sin? .t — nysin sin? B= 2 m sin? A sin? 2 sin? C. (33) 


Miking use of the facet that the coetlicients of 1, >and ow in (1) are zero, 
and employing the identical relation 


(r+ y+ z)8 — 2iayz = V+ pw’ — drp?, 
it is easy to show that 
y= Ros da, p2=- Reos( HC + Sa), Ps — §c08(3B — Ze): 


and also that these valucs sutisfy all therelitions (3), except those involving 


m, Whatever value a may have. From the last of these relations we tind 
m = tan((C' — B + 3a). 


It is obvious from the form of equation (1) that the curve which it repre- 
sents touches the sides of the triangle of reference > and, by varying the value 
of a, itis possible to make it represent any inseribed hypoeveloid. Thus we 
ay prove a number of theorems about a ~Vstem of hypoeyveloids Inseribed in 
a viven triangle. 

Locus of the Cusps. The tangential equations of the cusps are «© = 0 
y= 0, 2=0: hence the point-coordinates of one of the cusps, 2 = 0, are 
given by 


2 x 
pé = scos da + 200s a - costa, 
») o> 
2 8 
pn = = =cos (at! + da) Peos(C' . a) cos (0 + a), 
a) a 
2 s : 
= = 5 cos(a — 5a) — 2cos(B—a) = ~ COs 3( #3} — a), 
. o> 


Eliminating p and a from these equations, we find for the locus of the CUSPS 
3 
ave 4 hy n + c/o = ‘), 
or, (WE + Wy + ety — 270%bHAENE = 0. 


This cubie curve has the sides of the triangle of reference as inflexional 
tangents, the straight line joining the points of inflexion being 
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WE + Ln + OF = 0. 

Locus of the Centre. The tangential equation of the centre is 2 + ¥ 
t 2 = 0; from which we easily obtain the point-cquat™ of the locus of the 
centre in the form 

Esin 3A +4 sin 5B 4 fsin 3C = 0. 

This is a straight line passing through the nine-point centre [cos(B— C), 
cos(('— A), cos(.l — 4) ] of the triangle of reference. The nine-point cen- 
tre is the centre of the hypocycloid enveloped by the asymptotes of the equi- 


lateral hyperbola (a result due to Steiner). 


I have also shown, ina paper on the envelope of the axes of a system of 
conies passing through three fixed points,* that the envelope of the axes of the 
S\ stem of conics referred to above is also a pair of hypoeveloids. The tan- 


vential equation of one of them is 





Yfu(reosC + weos BH u)sucos( B- C) — vreos B= weosC! ] 
. ' 72 
2 
(reos C + weos Bu) (iecos al + ucosC — vr) 
Ss + 
(wcosL + reosA — w) = 0. 


Where s is the secant of the angle between the asymptotes. 
The same transformation may be applied to this equation ; and by making 
use of the relations 
wv) ecosC' 4 Tht fu) eos A + Forty), ete... 

where [a') denotes the coeflicient of v in the equation, I find for the values 
of the constants : 

Sp, = peos ul 2cos( B— CC), 

bp, = peos LF — 2cos(C' — A), 

Spy — peos C — 2ceos(l — B), 

p ~4/s, 3a = B— C. 


. 


It mav be shown that the hy poeyeloid represented by this equation 


touches the perpendicular bisectors of the sides of the triangle of reference : 


* Transactions of the American Mathematical Society, vol. 4 (1903), pp. 103-106. 
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and hence by varying s (orp) we have the equation of a system of hypoey- 
cloids touching three fixed concurrent straight lines. 

The locus of the centre in this case is the straight line joining the cireum- 
centre and the nine-point centre of the triangle of reference ; and the centres 
of the two hypocycloids determined by one system of conies (of given eccen- 
tricity) are harmonically separated by these two points. 

The locus of the cusps consists of three straight lines passing through the 
cireumcentre: and the circle passing through the cusps touches two fixed 
straight lines passing through the circumcentre. 


STANFORD UNIVERSITY, CALIFORNIA. 
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ON THE INTEGRAL DIVISORS OF a” — 4” 
By Gro. D. Birknorr anp H. S. VANpDIVER* 


Tue object of the following discussion is to develop some of the arith- 
metical properties of the divisors of 7" — 4", and of forms related to it, in an 
elementary way. We have endeavored to give natural and concise proofs of 
the known theorems (1, II, ITT and IV) which lead up to the enunciation and 
proof of a new proposition (V). It is also shown that a principle in the 
theory of cyclotomic divisors may be used in giving a very simple proof of the 
irreducibility of V?-' + N’—-* 4. - .+ 1, p being a prime integer. All 
the numbers considered will be positive integers. 


1. General Properties of the Cyclotomic Divisors. If 7 is 
greater than 4 and prime to it we write 


V, = q" — Br”, 


If l, a’, n,n’, ete. are all the different divisors of » which are less than », 
then JV’, is divisible by 14, V, Vay ++, ete. <A divisor of 1, which is 


prime to all these numbers is termed a primitive divisor of the form. Thus 
5 is a primitive divisor of 24— 1. Other divisors are called tuprimitive, and 
we may regard unity as a primitive divisor of any V.t 
A characteristic property of primitive divisors is given by the following 
Turorem I (Euler). Any primitive divisor of WV, is of the form 1 
(mod x). 


If unity is the only existing primitive divisor, the theorem holds. If others 


* The principal results in the present article were included in a communication made to the 
American Mathematical Society, at the meeting held Dec. 29, 1902. The authors are indebted to 
Professor E. 8. Crawley and Dr. G. H. Hallett, of the University of Pennsylvania for several 
suggestions. 

+ In the classitication of divisors of Vn the term proper divisor is employed by many writers: 
being detined asa factor which does not divide any of the forms 11, Vn‘, Vn", ete. For ex- 
amples, see Serret, Cours dalgébre superieure 5 edition, vol. 2, p. 145, and Dickson’s Linear 
According to this detinition prime primitive divisors are prime proper divisors, 


(froups, p. 20. 
and it is not dificult to see that the theory of proper divisors depends upon that of primitive 


divisors. 
(173) 








RGR ERATE IR UT IL OF EO PENS 


GP OL TNE LE A ON 


















‘ a _ ~ 
> sas Saat —— = Bars 
ae OPO PSU CT RE 


174 BIRKHOFF AND VANDIVER [ July 


exist, let p be any prime one, and determine m from the congruence a@ = bm 
(mod p): then Vi, = bem" — hb" = 0 (mod p) and since 6 is prime to Ps 
m® —1 = 0 (mod p). It now follows from the definition of p, that mappertains 
to n, modulo p, so that p — 1 = O(mod n) or p = 1(mod nx), showing that 
any such prime divisor has the form 1 (mod x). Now any composite primi- 
tive divisor of J), is the product of prime divisors of the same type. For if 
there is a divisor of the composite which is not primitive then the composite 
cannot be prime to Vj, Vi, V>, ete., where 1, n', x", ete., have the same 
meaning as before. Hence all the primitive divisors are of the form 1 (mod 7), 
and the theorem is proved. 

Before proceeding with the further study of primitive divisors we must 
consider the two following theorems : 

Tueorem II. Jf V4 is prime ton, then V, Vy is prime to V4. 

Tueorem IIT. Uf p ts prime and Vy p* is an integer prime to p, then 

V, ws divisible by p>); it is not divisible hy p**>*, except when Vi = 2M, 
where M is odd, in which case Vy may be divisihle hy any power of 2 greater 
than 4. 

To prove Theorem II, we have 


V,=a-), 





2 : a 
and a" = (6 + V,)* = O + nb*—! V, 4 se a oP -* 7 4 ' 
7 a n(n — 1) 

. as »i,n— i a—2 [” "n—1 
ol a i, = V= v(m re % i Vit+---4 ). 
va 1 r 
whence 7 = nb"—! (mod V4). 

1 


Now 4 is prime to V,: therefore if is prime to WV, then V/V, is alse. 
To prove Theorem IIT put Vy p* = 2M, an integer prime to p, and sup- 
pose first, that p is an odd prime. Then 
V, =a— 4 = M)', 
from which 
a? = (b + Mp*ye 
— APs p' PtP HF Oe bo ot pe Mr: 


or, since p is prime, 








oo 
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~l 
*, 
St 


k 
a? —hr = V.= p' + (oe M + . P =a be? MP4... 4 prer-* ~ ur) ’ 
whence, p being odd, 
V, 

i = b?-'M (mod p). 

Pp 
It then follows that V),/p* +! is prime to p, since 4 and M are. 

If we have V\/2* = M, say, where VV, is odd and k > 1, then we find 
(as above) that V is divisible by 24+! but not by 24 +2, But in the case 
hk = 1, we have 
V,=a—b=2M,and V, = 4(4M, + M}). 


Then, since 6 and Ware odd, V4 is divisible by 8, or by ahigher power of 2. 
This completes the proof of Theorem IIT. 


We now resume the consideration of primitive divisors. Let the resolu- 
tion of V’, into its distinct prime factors be 
Fas = py ps? — pe. 
If p.. Pas Per ete. are all the distinct prime primitive divisors of V7, consider 
the product 
P(n) = p* psp? 
This number /?(7) shall be termed the arithmetic primitive factor of V,, and 
is evidently divisible by any primitive divisor of V,.© Thus 5? or 25 is the 
arithmetical primitive factor of 74 — 1, the primitive divisors being 1, 5 and 
25. Similarly, unity is the arithmetical primitive factor of 2° — 1. 
The number 7?(n) is closely related to a certain algebraic factor of | 


r 


We define this function by 
V.NVnV. 
, a? a 1 
F(n) Tse... (1) 


var 


where p, 7, 7, 8, ete. are the distinct prime divisors of 7, 


Vv. = Ve. Ve. Va->:, 
> > +e 
|) AP ee ee ee Ae 


and similarly for the other products. In the numerator of (1), the indices of 
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the binomials are formed through the division of x by an even number of 
prime factors; in the denominator they are formed through the division by an 
odd number. 

The form F'(n) has the following property : 


Vv.= F(1) F(n) F(i’) F(n") eke 


where }, n,n’, 2", ete. are all the distinct divisors of n. This function may 
also be defined by the equation 


F(n) = (a — wb) (a — a) - - » (A — @yn)b) 


(@,, @), - - - @,), being the ¢(n) primitive roots of 2" — 1 = 0), and can be 
conveniently termed the a/gebraic primitive factor of V,,, since it has no alge- 
braic factor in common with Vi, Vi, Vase, ete.” 

Let A be a quantity detined by the relation 


F(n) =AP(n). 
For the determination of \ we have, 


THeoreM IV.t Ifa ¥ 2, then X= 1, unless P(n/p*) = O(mod p), n/p* 
heing an integer prime to p. In the latter case, X¥= p. 
From the equation 
V,= Fl) Fn) F(a’) F(n") 
we get 
V/V. = Of[mod F(n)}, 


where ¢ is any divisor of » exclusive of unity. Taken in connection with 
Theorem II, this relation shows that /’(n) is prime to every imprimitive di- 
visor of V7, which is prime to n, hence if we have F'(n) = AP(n), d is an inte- 
ger each of whose prime factors must divide n. Suppose p is such a prime 
factor. From equation (1) we have immediately, writing F'(a,/,n) for the 
algebraic primitive factor of a"—d", 


F(a", bP", n') 


F(a, b, n) = =a. —— ro wes 
Far, br", nn’) 





* For the proofs of the foregoing relations see Bachmann's Areistheiluny, 1872, pp. 13-17. 
Notice that ¢(n) means, as usual, the number of integers less than and prime to n. 

+ The first enunciation of this theorem, in its complete form, appears to be that of Sylves- 
ter, American Journal Math. vol. 2 (1879), p. 365. His demonstration is different from the 
one given here. 
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where x = pn’, and n’ is prime to p. Applying the relation* 


F(a’, br" n') = [ F(a, d, n'y]? (mod p), 
we obtain 


F(a, b, un) = (Fea, b, n')]*~ a (mod p). 


ill 


This shows that F’(a,4,n) = 0 (mod p) only when (a,b, 7’) = 0 (mod p). 
If the latter congruence is not satisfied for any p, then F(n) = P(n). But if it 
is satisfied, then since F'(n')/P(n') = XX’ is prime to p, p is also a divisor of 
P(r’), and is of the form 1 (mod x’). This gives p > n/p*, hence p is 
uniquely determined as the largest prime dividing x, and we must have » = p“, 
where A is to be determined. 

It can be shown that ifm>2,then A= 1. The only V inthe denominator 
of the expression for F(x) given in (1) which contains p is V., and in the 


i 
numerator p divides V), only, there being none other of the binomials in 
F(n) having F(a, 4, n’) as a factor. If V, =p”, then Vi, = ph", 
v 
where A’ and Av’ are prime to /, and n > 2 (Theorem IIIT). Hence F(i) is 
divisible by p but not by p?(for x > 2) and the theorem follows. 
As a useful special case of theorem IV, we have :— 

-. 2 , aP — bP . . , 

If p isprime, then F(p) = 7 a and Fp) = pP(p) or P(p) accord- 

. a—hbh 

ing asa — b is or is not congruent to zero, modulo p. 





The foregoing theorems enable us to demonstrate the following interesting 
proposition regarding the primitive divisors of V,,:— 

Tueorem V. [fn + 2, then any form V,, possesses at least one primitive 
divisor (other then unity), with the single exception V,, = 2° — 1°. 





To prove this, it is sufficient to show that (n) > 1. We consider 

: . F(n = ' ' 

first the case in which P(n) = (”) »where, as in Theorem IV, 2 = p* ’, | 
i Pp 

p = 1(mod n’), and F(n’) = 0(mod p). 


Since F'n’) is not zero, we have 
F(n') 2 p, 


from the relation F(x’) = 0(mod p) ; 


* See Serret’s Cours d'algébre supérieure, 5th Edition, vol. 2 
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F’(n) | 
, . - 
srefore P(n) 2 >: 
and therefore ) Fin’) 


Suppose, for the present, n’ 4 1. 
Since a and + are integers, and a > 5, we have 


ak — FF = (a — b) (ak-! + at-%H 4... + H-) 
z at—! 4 a'-%4+-- -+H-', 
ak — UF > ak —!, 


Applying this inequality to the numerator of the expression for #'(n) in 
(1), we find 


mon a 
Vo VT Via a an > a®-! Ta" Ila” + diets a 
Pi pore 
a “al =! ~ =! 
where lle” =a" -a a ee 


and similarly for the other products. Then, 


VV. WV ia +++ > an—1+3(~-1)+ 3(=-1)---, 


_gm—1 - awe Se 
>a-* +#¢3- 43>) 


where m is the number of distinct prime factors in n. 
For the denominator of F(x) we have, since a’ — lk < a*, 


II Vn NV. ---<a5 +45 


eee, 
P pq 

and by division of the inequalities for numerator and denominator of (1), and 

using the relation 


p(n) =n— 224 2% -TAy+..., 
we obtain 


F(n) > ae™ -2~) 


Now by applying the inequality a* — 4* < a* to the numerator of F(n’) and 
a* — Lk > ak — to the denominator, we obtain 


F(n') < avin) -F"* 
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m, by hypothesis, not being unity. Hence 


F(n) “a 
Consider the expression $¢(n) — $(n’) —3.2™-2. Since n'>1, we have 
p(n’) 2 2"-*, Also, p*—1(p — 1) — 12 3, except when p = 3, noting 
that p # 2. Therefore 


$(n')[ p*-"(p —1) —1) 23. 2"-2, 


or o(n) — d(n') —3-2™-22 0, 
except when p = 3, that is, except when n= 6. Hence 
F(n) > 
a rem ot. 
except when x = 6. We have (6) = a — ab + b*, which is greater than 3 


except for a = 2, 4= 1, in which case the arithmetical primitive factor is 
unity and no primitive divisor other than unity exists. 


When nv’ = 1, then x = p* and from (1) F( p*) = a which expression 
n 
p 
is greater than p since the expanded forms contain p positive integral terms 
some of which are greater than unity. Hence P(p*)>1. The case 
P(n) = F(x) remains to be disposed of. We have F(n) > a&™-?"", Now 
obviously ¢(n) 2 2"—', hence F(n) > 1 and P(n) > 1. Theorem V is 
therefore completely proved. An immediate consequence of Theorem V is 
the following :— 
Any form a" — b" possesses at least one divisor of the form 1(mod n), 
other than unity. 
2. Applications of the Theory. 
1. There is an infinity of primes of the form 1 (mod n). 
Consider the infinite series 


P(n), P(2 n), P(Bn), -- + P(kn) ---. 


The integers thus represented are all relatively prime and by Theorem V 
each contains at least one prime divisor of the form 1 (mod n). Consequently 
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the series furnishes an infinity of distinet primes of this form.* 

2. The function F( p) is irreducible in the domain of real integers, p 
being prime.t 

Proof. Put 6 = 1, and suppose 


avr — | 


F(p) =——_; 
reducible : then 


a? — | 


: T = ql =f + a’? 5 = l =11(4) fa(@), 


where f,(a) and f,(@) are polynomials in a, with integral coeflicients. 

In the above identity give a the values 0, 2,4,4,---,p—1. The 
special case of Theorem IV (already mentioned) gives for any of these values 
F(p) =P(p), 
and also f;(@) = 1(mod p), since it is a divisor of ?(p). Consequently the 
congruence f(a) — 1 = 0(mod p) admits p — 1 roots, which is impossible 
since p is prime, and the degree of f,(@) is less than p—1. F(p) is there- 

fore irreducible. 








*ividently Theorem V is not necessary for the demonstration of this proposition, as a 
proof can be deduced from Theorem IV alone. In this latter form the proof has been given by 
anumber of writers For examples. see Kronecker, Vorlesungen ther Zahlentheorie, pp. 440 
441; Hilbert, Alyebraische Zahlkirper, p. 334; Sylvester, Comptes rendus, vol. 104, pp. 1085-86. 
+For other proofs of this theorem, sce the references in iL. J. Smith's Report on the Theory 
of Numbers, Works, vol. [, p. 127, footnote. 
> Cr a theorem of Gauss’s; Disquisitiones arithmeticae, Art. 341, 














TWO ELEMENTARY CONSTRUCTIONS IN COMPLEX 
TRIGONOMETRY 


By A. E. KENNELLY 


It is well known, and is easily shown, that the coordinates x and y of any 
point of the rectangular hyperbola x? — y? = 1 are equal respectively to 
cosh (2A) and sinh(2A), where A is numerically equal to the area bounded by 
the axis of Y, the hyperbola, and the radius-vector of the point (x,y); while 
the coordinates x and ¥ of any point of the circle 2? + y? = 1 are equal respec- 
tively to cos(2.A) and sin(2A), where A is numerically equal to the area 
bounded by the axis of Y, the circle, and the radius-vector of the point (z,y). 

In figures 1 and 2, the shaded areas are each numerically equal to one 
half. In fig. 1, Ob = sin 1 andbB=cos 1. In fig. 2, Ob =sinh land 4B 
= cosh 1. 























Fig. 2. 


Assuming the familiar relations 
sin ja =/ sinh a, 
cos ja = cosh a, 
where j = y¥ — 1, we have 


sin (a + j8) = sina cosh 8 + 7 cos a sinh £, 


and a 
cos (a + j8) = cos a cosh 8 —/j sin a sinh 8; 
(181) 
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hence, sin(a + /8), in the complex plane, is a point of intersection of the 
ellipse 
| ¥ 
are ssn = | 1 
cosh?8 od sinh?8 () 
and the hyperbola 
Y ae. 
_ Y = l, (2) 


sin?a cos*a 





while cos (a + j8) isa point of intersection of the ellipse (1) and the hyper- 


bola 


Fo y 





costa sin?a ie (4) 
the foci of all these curves being the points (+ 1, 0). 

These facts suggest the following constructions : 

1. Construction for sin(a + /8). (Figure 3). Take OA=1 along 
the negative end of the Y-axis. From Ot as initial line, mark off the 
cireular area AOL =a/2. From OB as initial line, mark off the hyper- 
bolic area BOD = B/2. Let C be the foot of the perpendicular from D 


y 


ie) 











on OB produced. Drop perpendiculars from C and J on the axis of reals 
OX, at cand d respectively. About ¢ as centre, rotate cd positively through 
90° to eZ. Then will the complex vector OZ = Oc + jed be the required 
sine of the complex angle a + /f. 
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In the case represented, sin(1 + /1)= 1.299 + /0.635 = 1.446 cis 26° 3’. 

As 8 varies, Z moves along the hyperbola (2); as a varies, Z moves 
along the ellipse (1). 

From the figure we get at once (if = Oc and jy = cZ), 


sin-!OZ = sin-!(x 4 jy) = sin-!0b + jcosh-!OF 











= sin-! yt + z)h+ ¥—yV(l— =)? + ¥*) 


2 ) 


v(1 + 2)? + 7+ ¥(l—=)? ty! 








‘cosh! 
+ jcosh } ° 


since Ob is the semi-transverse axis of the hyperbola (2) through 7, while 
OF = OC is the semi-major axis of the ellipse (1) through Z. 

2. Construction for cos(a + /8). (Figure 4.) Take OA = 1 
along the positive end of the axis of reals. From QA as initial line mark off 
the circular area AOD = a/2, etc., precisely as in the preceding paragraph. 
The complex vector OZ = Oc + jed thus obtained will be the required cosine 
of the complex angle a + jf. 














FIG. 4. 
In the case represented, 
cos(1 + /1) = 0.834 — 7 0.989 = 1.293 cis 49°52". 
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As 8 varies, Z moves along the hyperbola (3): as @ varies, Z moves 
along the ellipse (1). 
From the figure, 


cos—! OZ = cos—!(x + jy) = cos~! Ob = cosh—! OF 











= cos! {ve +2)? +y¥-y(l— ree 
= s 5) =. 











+ jeosh-! hen + 2)? + ¥* + ¥(l — 2)? trl. 


2 





It is evident that the same methods of construction serve also for 


sinh(a + j8) and cosh(a + j8). For, from sinh @ = — jsin(j@) and 
cosh @ = cos(j@), 
we have, sinh(a + j8) = jsin(8 — ja), 


and cosh(a + j/8) = cos(B — ja). 


HARVARD UNIVERSITY. 
CAMBRIDGE, Mass. 
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NOTE ON STIRLING’S FORMULA 
By S. A. Corey 


STiRLING’s formula,* written in the notation ordinarily employed for 
Taylor's formula, is 


Bix? 
Sa + ry =f a) +! 5 LS (a+ x) + f'(a))— 7 [(f'(a+ x) —f"(a)] 


B 
- [FN (a +x) —f"*(a)] — 


Bia . ” 
+ (= 1)" Gay Ia + =) — Fa] ++: -- (1) 
Here B,, B,, - - - are Bernoulli’s numbers, as follows: B, = 1/6, B, =1/30 


B, = 1/42, B, = 1/30, B, = 5/66, B, = 691/2730, B, = 7/6, ete. 
If (« + =) A (« + =) +4 ) +=]. f| (« 4 =) + =| ae 4 
m wm P “i a 
f [ («+ m— | ) ‘ “] 
Mm 


be developed successively by Stirling’s formula, simplifying each by the aid of 
the preceding, the following formula is readily obtained : 


, , e t.. ™ 
Sas 2) =S a) + NLP (a + 2) + F(a) 
' alr (« +a\+r(a + Ve r(c + =) Se eee . r)] 


= 
- - [f(a + x) —f"(a))] + 2, Ufa + 2) —F™(@] — + > 





B, an 
m".(2n)! 


+ (—1)" [f(a +x) —fE"(a)J +--+. (2) 
This formula (2) is admirably adapted for the numerical computation of 
functions for which the value of the first derivative for cach of the suceessive 





* See Bertrand’s Calcul différentiel, p. 382. 
(185) 
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and equidistant steps, a, @ + 4/m, a+ 2x/m, @+ 3x/m, + + +,a+ 2%, is 
known or may be readily found, or of functions whose successive derivatives 
increase rapidly in complexity with the order of the derivatives. The special 
value of the formula will be understood from the following considerations :— 

1. No odd-numbered derivatives, except the first derivative, enter into 
the formula and their computation is therefore not required, except in so far as 
may be necessary to determine the form of the even-numbered derivatives of 
higher orders. 

2. The values of the even-numbered derivatives need be found for only 
two values of the variable, viz., 2 = 0 and 2 = x, the values of such deriva- 
tives for the intermediate steps having been entirely eliminated from the 
formula. 

3. The value of the general term may be made as small as desired by 
making m large enough, that is by finding the value of the first derivative for 
a sufficieatly large number of intermediate points, corresponding to equidis- 
tant values of wx. 

As (2) is but the sum of a finite number of series developed by Stirling's 
formula, it follows that (2) is convergent if each of the component series is 
convergent, and, consequently, that the same test which determines the con- 
vergence of each of the component series determines the convergence of (2). 

The following examples will serve to illustrate the usefulness of formula 
(2) for numerical computation. In each example the value of m and the 
highest value of x used are given, and the results obtained are correct to the 
last place of decimals. 











| dz 
(1) [ —— = 0.6981471805 (m= 10, n= 3), 
0 l+2 
Br oy} , 
(2) | sn dx = 1.47476 (m= 10, 2 = 2), 
JO xz 
. i 
(3) | tan 2 dx = 0.346573 (m= 10, n= 1), 
0 
ifj2-—-272 
(4) [ € = za) dz = O.84829 (m cs 10, n= 1). 


HitremMan. Iowa, Octronen 1903. 





















NOTE ON SYLOW’S THEOREM 
By G. A. MILLER 


SyLow’s theorem is of such fundamental importance that any improve- 
ment in stating it is of interest. We desire to suggest the following form: 

Tueorem. TIf the order of a group (G) is pm, p being any prime which 
does not divide m, then G contains at least one subgroup (P,) of order p*- 
Moreover, if P, contains only one subgroup (P;) of a given type, then all the 
subgroups of this type in G are conjugate and their number is of the form 
l+hkp. The order of G may be written in the form p?n(1 + kp), p®n being 
the order of the largest subgroup which transforms P, into itself. 

The first sentence of this theorem does not differ materially from the one 
usually given. The rest is more general than the usual statement. It reduces 
to this when 8 has the special value a. It gives more information about @ 
than the usual form does only when something is known about 7... For ex- 
ample, when 7, is cyclic, it follows that all the subgroups whose order is a 
given power of p form a single conjugate set and that the number of these 
subgroups is 1 + Ap. The additional information conveyed in these cases 
seems to justify the slight increase in the length of the theorem. 

If we assume Sylow’s theorem (in its usual form) proved, the more gen- 
eral statement given above follows very easily. Such a subgroup of order p® 
could not transform another subgroup of this type into itself, otherwise P, 
would include more than one such subgroup of order p*®. From this it follows 
exactly as in the case for p* that the number of these subgroups of order p® is 
of the form 1 + Ap and that they form a single conjugate set. 


STANFORD UNIVERSITY, 
OcTOBER, 1908. 






























THE CONDITIONS FOR A PLAIT POINT 
By PauL SaAurEL 


Ir a plane, tangent to a surface in two points, moves in such a way that 
the two points of contact tend to coalesce, the limiting position of these points 
of contact is called a plait point.* — This definition applies not only to a surface 
in space of three dimensions but also to a hypersurface in a space of 1 dimen- 
sions. 

Let us suppose that the equation of a surface ina space of n + 1 dimen- 
sions Is 

H=Sf (Ty, Fy + + + An), (1) 
and let us write 
Sis Sizs + > + Sin 
Sars Son + San 


PR er een 9 rene mem eee + a eR eA RON ae ea A mp = ee ee teed ee ee 
>> J ._ fo a oe . 3 ©: 4 » + . 





Lerate iene 
Blane ' (2) 
i" 1 I aw Iu nS Se , 
ee. i ino Which 
‘ 4 Si = Creu; . (+>) 


Ata plait point of the surface, every determinant of order » that can be formed 
from the matrix 

Sirs Six emia: Sin 

Jas Sr +s Sen 





Ti 
re 
i} oi 
fit ; 
i i Jnis SI n2s ee Sun 
oA cA cA 
° aa ae 
Or," Or, Cx, 


reduces to zero. 
* Korteweg, Archires Néerlandaises dvs sciences eractes et naturelles. vol 24, p. 57 (1890) 
(188) 
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These conditions are due to Gibbs.* The reasoning by which he establishes 
them is, however, stated in physical terms. It may therefore be well to divest 
his argument of its physical garb and to present it, or rather an equivalent of 
it, in mathematical terms. 

The equations which express the coincidence of the tangent planes drawn 


to the surface 1 at two points x, 7, a, ---, a, and x’, x},aj,- - -, 2) may be 
written 
Sizti i=l, 3. J Se (5) 
n n 
f-2afiaf— 2uf (6) 
=> i= 


in which 





fae, (7) 


1X; 


Cc 


and the primed letters indicate quantities connected with the point 2’, xj, 
L5, bt Sg x. 

If we suppose the two points of contact to be very near together, these 
equations may be written 


" non 
E (aj — a) Sp + = E (xj — m5) (te — me) Sin + + =, 
j= jelit= 
j j 35 ae (8) 
4 = = (4) — x) (25 — %) Si 
i=lj=}) 
+ = > = = (a — x) (a — 2) (a — ey) Sin + + = 0, (9) 
2.3; o1j=1k=1 
in which i 
‘ sf 
ct: — TT m 10 
Fir Cx, 0x; 0x, ( ) 


The omitted terms are of the third and fourth orders respectively. 
Multiplying equations 8 by xj — 2, 73 —%, - - -, x, — x, and subtracting 
one half their sum from equation 9, we find that this equation can be replaced 
by 
n n b , ' ‘ 0 1 1 
Sr SE (xu — 4X) (4 — 4) (te — Me) Suet: > + = 0. (11) 
i=ljwxlk=i 





* On the Equilibrium of Heterogeneous Substances, Transactions of the Connecticut Academy 
of Arts and Sciences, vol. 3, part 1, p. 191 (1876). 
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The conditions for a plait point are thus, first, that the equations 


2@-s)f= 0, =1,2,---,n, (12) 


JI= 


should be compatible, which requires that 

A=0; 
and, second, that the values of x} — x; which satisfy equations 12 should also 
satisfy the equation 


n n n 
= = = (x — x) (ae — 2) (4 — M%) Sie = O. (14) 
iol j=l k=l 
If we denote the minor of A which corresponds to f;; by F’;, the values of 
t, — 2%, —%, - - -, | —ax, which satisfy equations 12 are given by any one 


of the 7 sets of equations 


ti) — %: %, — 2): ae 1% —% =F: atc est Bog, r=1,2,---,n. (15) 


Now, equation 14 can be written in the form 


: = (% “ ry) > = (x ~ x;) (x} — 2) Sixx = 9. (16) 
‘= izlj= 


If we compare this equation with equations 12 it follows that every determinant 
of order n formed from the matrix 


Suv fix = ++ Sin 
Sas Sn» iN es San 


(17) 
Sum Sines fo oe Fan 7 
A), A;, ee ae A,, 
where A, = zs (xj — 2) (2% — %)) Fijes 
izlj=1 
must be equal to zero. 
We shall now show that 
zy = (x; — 2) (x — 4) fijp (18) 


ixzlj=l 
is proportional to 
oA 


a o 
0x, 
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so that the matrix 17 is equivalent to the matrix 4. We shall thus have estab- 
lished Gibbs’s conditions. 
From equations 15 it follows that 18 is proportional to 


2,2 Su Fa By - (19) 
On the other hand 
iars Sizes + *sSine| [Sits Size? + +> Sin Sirs Sirs ++ +5 Sin 
Say Sry ++ +5 Son Sars Sears + +s Sone Sas Joss °° *s San 
oo es C) ee oo) oa 
Sry Snas + +9 Sn Snir Snzs* * +» San Snirs Snars ++ ++ Sane 




















=fiur Put Sar Pi t+ +++ +Sine Fin 
+ for Fy + Sror Fx _ + Jour Pon 


+ Snir Fy + Snor Fra ad + Sanr Fun 


== = fi Fy- (20) 
éfmlj =l1 
From this equation we get 
F,, oA = 2 tf Fu Fy: (21) 
OL, ji=lj= 


Now since A = 0, it follows from an elementary theorem in determinants 
that 

Fs Py — Fi F, = 0. (22) 

A comparison of 18, 19, 21, and 22 then shows immediately that expres- 


, oA 
sion 18 is proportional to —_ 


The theorem is thus established. 
The above conclusion fails if F,, = 0 for every value of s. But, in that 


case, since 
7 7 72 
Fy, F, = F'yss 


it follows that, for all values of ¢ andj, F;; = 0. The equations 12 no longer 
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uniquely determine the ratios of xj — 2, % — %, + + +) Ly — Tp and the singu- 
larity is of a more complicated character. 


New York, NoVEMBER 26, 1903. 
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